Abstract Intuitionistic fuzzy set is capable of handling uncertainty with counterpart falsities which exist in nature. Proximity measure is a convenient way to demonstrate impractical significance of values of memberships in the intuitionistic fuzzy set. However, the related works of In this paper, we examine this problem and propose new notions of δ-equalities for the intuitionistic fuzzy set and δ-equalities for intuitionistic fuzzy relations. Two fuzzy sets are said to be δ-equal if they are equal to an extent of δ. The applications of δ-equalities are important to fuzzy statistics and fuzzy reasoning. Several characteristics of δ-equalities that were not discussed in the previous works are also investigated. We apply the δ-equalities to the application of medical diagnosis to investigate a patient's diseases from symptoms. The idea is using δ-equalities for intuitionistic fuzzy relations to find groups of intuitionistic fuzzified set with certain equality or similar degrees then combining them. Numerical examples are given to illustrate validity of the proposed algorithm. Further, we conduct experiments on real medical datasets to check the efficiency and applicability on real-world problems. The results obtained are also better in comparison with 10 existing diagnosis methods namely De et al. (Fuzzy Sets 
Introduction
Fuzzy set was proposed by Zadeh in 1965 to handle uncertainty and ambiguity [67, 68] . A fuzzy set is defined by a membership degree function with range in the unit interval [0, 1] . It defines a multilevel extension to the classical set such that a proposition can get any value in the unit interval instead of 'True' or 'False'. Based on the fuzzy set, several additional and hybrid concepts such as theintervalvalued fuzzy set [69] , the type-2 fuzzy set [69] , the intuitionistic fuzzy set [2] were developed. Fuzzy sets play a tremendous role in signal processing [25] , control theory [14] , reasoning [7] , decision making [23] , medical diagnosis [31] , geo-demographic analysis [33, 37, 41, 42, 65] , dental segmentation [47, 48, 59] , compression [43] , recommender systems [34, 36, 38] and other fields [8, 10, 35, 39, 40, 46, 49, 50, [56] [57] [58] .
In Zadeh's fuzzy set, the degree of membership is a single value between 0 and 1. Nonetheless, this may not always be valid in real-life applications due to the existence of hesitation margin or degree. To deal with this issue, the intuitionistic fuzzy set (IFS) [2] extended the fuzzy set by incorporating the degree of non-membership. In the other words, IFS is branded and characterized by the degrees of membership and non-membership with the condition that their sum does not exceed 1. It has been observed that IFS can better designate fuzziness. In the practical point of view, IFS gained much attention from the research community which have been successfully tested in the fields of modeling imprecision [12] , decision making [5] , pattern recognition [62] , computational intelligence [6] and medical diagnosis [27, 44, 45, 51, 52, 54, 55] . The strength of these approaches evolves from those cases where conflicting information concerning membership taints the ability to determine the actual fuzzy membership of objects.
Proximity measure was firstly discussed by Pappis [26] to demonstrate the impractical significance of values of membership. Let A and B be two fuzzy sets on a universe U , and μ A (x) and μ B (x) representing their membership functions, respectively. A and B are said to be approximately equal if sup x |μ A (x) − μ B (x)| ≤ ε, where ε is a small nonnegative number and called the proximity measure. Pappis believed that the max-min compositional rule of inference is preserved with approximately equal fuzzy sets. Another approach considered by Hong and Hwang [17] , as a generalization of the work of Pappis [26] , was mainly based on the same philosophy of the max-min compositional rule of inference that is preserved with respect to approximately equal fuzzy sets and approximately equal fuzzy relation respectively. Cai [4] argued that both the Pappis et al. approaches were limited to a fixed value of ε, i.e. they assumed that ε is constant and disregarded what "small nonnegative number" means. However in reality, different values of ε may make different senses and the role of context is indeed important. We also note that the notion ε-equality was introduced by Dubois and Prade [15] . Two fuzzy sets A and B are said to be ε-equality if S (A, B) ≥ ε, where S (A, B) is a similarity measure between A and B. Evidently, there is an inherent relationship between proximity measure and ε-equality, i.e. S (A, B) can be interpreted in terms of sup x |μ A (x) − μ B (x)|. Cai introduced δ-equalities of fuzzy set to overcome this problem in which two fuzzy sets are said to be δ-equal if they equal to a degree of δ. In the other words, two fuzzy sets A and B are said to be δ-equality if sup x |μ A (x) − μ B (x)| ≤ 1 − δ. As Cai explained in his paper, the advantage of using 1 − δ rather than ε is that interpretation of δ can comply with common sense. That is, the greater the value of δ is, the 'more equal' the two fuzzy sets are; and they become 'strictly equal' when δ = 1. The applications of δ-equalities have important roles to fuzzy statistics and fuzzy reasoning. Virant [61] tested δ-equalities of fuzzy sets in synthesis of realtime fuzzy systems while Cai [4] used them for validating the robustness of fuzzy reasoning accompanied with several reliability examples through δ-equalities. Nonetheless, there is no such notion in the context of the IFS set.
In this paper, we propose a new notion of δ-equalities for the universe of IFS set. The notions of δ-equalities for intuitionistic fuzzy relations and intuitionistic fuzzy norms are also proposed herein. The aim of those proposals in comparison with the work of Cai [4] is to extend the existing definitions in a new context of IFS which was shown to better model real-life applications than the fuzzy set [2] and to examine several characteristics and theorems of δ-equalities that were not (or partly) discussed in the previous works. The mentioned proposals are significant to understand the behavior of δ-equalities in IFS which is helpful to select appropriate setting for applications.
The significance and practical implication of the proposed approach is not limited to the theoretical aspects but also the establishment in practice. In this regards, we apply the δ-equalities to the application of medical diagnosis, which is always one of the leading research interest areas, to investigate a patient's diseases from his symptoms. The Sanchez's approach [32] using the theory of fuzzy sets was long recognized as the traditional method. De et al. [9] extended the Sanchez's method with the theory of intuitionistic fuzzy sets (IFSs). Samuel and Balamurugan [31] , Szmidt and Kacprzyk [53] , Zhang et al. [71] , Hung and Yang [19] , Wang and Xin [63] , Vlachos and Sergiadis [62], Zhang and Jiang [70] , Wei and Ye [64] and Hung [18] , Junjun et al. [20] , Maheshwari and Srivastava [24] continued to work on the IFS theory to improve the method of De et al. [9] , i.e., by using new score functions, new distance functions, or new measures instead of the score function in the method of De et al. [9] . In this paper, the proposed algorithm combines the δ-equalities with the extended Sanchez's approach for intuitionistic fuzzy sets. The idea is using δ-equalities for intuitionistic fuzzy relations to find groups of intuitionistic fuzzified set with certain equality or similar degrees then combining them. Numerical examples and experimental validation on real-world datasets are given to illustrate the activities of the proposed algorithm.
The rest of the paper is organized as follows. Section 2 provides some fundamental concepts of the IFS set. Section 3 proposes the δ-equalities for IFS accompanied with theoretical investigation with set theoretic operations of IFS such as the union, intersection, complement, product, addition and some other operations. Section 4 extends the δ-equalities to intuitionistic fuzzy relations and intuitionistic fuzzy norms. Section 5 presents an application of δ-equalities to the medical diagnosis problem including a new algorithm and numerical examples. Section 6 shows the experimental results on real-world datasets. Finally, conclusions and further studies of this research are given in Section 7.
Preliminary
Definition 1 [67] Fuzzy Set Let U be a space of points and let u ∈ U . A fuzzy set S in U is characterized by a membership function μ S with a range in [0, 1] . A fuzzy set can be represented as
Definition 2 [2] Intuitionistic Fuzzy Set
Let U be a space of points and let u ∈ U . An intuitionistic fuzzy set S in U is characterized by a membership function μ S and a non-membership function ν S with a range in [0,1] such that 0 ≤ μ S + ν S ≤ 1. Intuitionistic fuzzy set can be represented as a triplet in the following way
We now give some set theoretic operations of intuitionistic sets. Definition 3 [2] Inclusion relation between two intuitionistic fuzzy sets Let A and B be two intuitionistic fuzzy sets in a universe of discourse U . Then the inclusion relation ⊆ between A and B is defined by
Especially,
Definition 4 [2] Complement of Intuitionistic Set
The complement of an intuitionistic fuzzy set S is denoted by S c and is given as
Definition 5 [2] Union of intuitionistic fuzzy sets
Let A and B be two intuitionistic fuzzy sets in a universe of discourse U. Then the union of A and B is denoted by A ∪ B, which is defined by
where ∨ denote the max-operator, and ∧ denote the minoperator.
Definition 6 [2] Intersection of intuitionistic fuzzy sets
Let A and B be two intuitionistic fuzzy sets in a universe of discourse U. Then the intersection of A and B is denoted as A ∩ B, which is defined by
Definition 7 [2] Addition of two intuitionistic fuzzy sets
Let A and B be two intuitionistic fuzzy sets in a universe of discourse U. Then the addition of A and B is denoted as A + B, which is defined by
Definition 8 Difference of two intuitionistic fuzzy sets
Let A and B be two intuitionistic fuzzy sets in a universe of discourse U . Then the difference of A and B is denoted as A − B, which is defined by
c .
Definition 9 [2] Product of two intuitionistic fuzzy sets
Let A and B be two intuitionistic fuzzy sets in a universe of discourse U . Then the product of A and B is denoted as A · B(or AB), which is defined by
and the order relation ≤ L * on L * defined by
The first and second projection mappings pr 1 and pr 2 on L * are defined as
Definition 11 [13] An intuitionistic fuzzy triangular norm
and T has to satisfy the following conditions:
Example 1 Some intuitionistic fuzzy triangular norms are given below.
•
Definition 12 [13] An intuitionistic fuzzy triangular co-norm S is a function
where S has to satisfy the following conditions:
Example 2 Some intuitionistic fuzzy triangular co-norms are presented below.
Definition 13 General extension intersection of two intuitionistic fuzzy sets
Let A and B be intuitionistic fuzzy sets define on U and T be an intuitionistic fuzzy triangular norm, then the general extension intersection of A and B is denoted as A ∩ T B, which is defined by
Definition 14 General extension union of two intuitionistic fuzzy sets
Let A and B be intuitionistic fuzzy sets define on U and S be an intuitionistic fuzzy triangular co-norm, then the general extension union of A and B is denoted as A∪ S B, which is defined by
Definition 15 [4] Let U be a universe of discourse. Let A and B be two fuzzy sets on U , and μ A (x) and μ B (x) their membership functions, respectively. Then A and B are said to be δ-equal denoted by
In this way, we say A and B construct δ-equality.
Lemma 2 Let f, g be bounded, real valued function on a set U . Then
Thus,
we have
Lemma 3
Let f, g be bounded, real valued function on a set U . Then
Exchanging f and g in this inequality, we have
Therefore, we obtain
Replacing f by −f and g by −g in this inequality and using the inequality sup (−f ) = − inf f , we obtain
Definition 16 [3] An intuitionistic fuzzy relation (IFR) R between X and Y (R ∈ I F R(X × Y )) is defined as an intuitionistic fuzzy set on X × Y , that is, R is given by
and ν R (x, y) express the degree of membership of (x, y) to relation R and the degree of non-membership of (x, y) to relation R, respectively.
δ-equalities of intuitionistic fuzzy sets
In what follows, we define the new concept of δ-equalities for the intuitionistic fuzzy set. 
Definition 17
for all u ∈ U and 0 ≤ δ ≤ 1. This can be denote it as
From Definition 17, it is clear that (1 − δ) is the maximum difference or proximity measure between A and B, and δ is the degree of equality between them. It is customary to be noted that δ-equality of intuitionistic fuzzy sets construct the class of intuitionistic fuzzy relations. Considering the set (IFSs) of all intuitionistic fuzzy sets on U , based on this δ-equality, we can know the sets belong to IFSs which are most similar. This recognition is very important for the classification of information.
Remark 1 Some remarks for δ-equalities of intuitionistic fuzzy sets are below.
1. Because the new concept δ-equalities states about the equal degree of intuitionistic fuzzy sets, and the left side of (2) and (3) describes about the different level of two intuitionistic fuzzy sets. Then, the right side of (2) and (3) is defined by 1 − δ. 2. The two conditions (2) and (3) occur simultaneously.
The natures of the two concepts δ-equalities of intuitionistic fuzzy sets and the order relation on L * are different. 3. In the fact, the standard value of δ is depending on the each material model. Usually, the selected standard value of δ equal to the maximum value of δ in the material model.
4. An illustration is given as follows. Let U = {x, y, z}, A, B ∈ IFS(U ) and 
We choose δ = 0.92 and say that A and B have the same δ-equality (0.92). 5. Intuitionistic fuzzy set as generalized fuzzy set is quite interesting and useful in many application areas [16] , such as in the fields of decision making [5] , and medical diagnosis [52] . The new concept δ-equalities of intuitionistic fuzzy sets is a direct extension of the old concept δ-equalities of fuzzy sets [4] . We propose this extension to study more deeply about intuitionistic fuzzy theory in practical applications as the medical diagnostic problem.
We consider Example 3 to see more clearly the meaning of the concept δ-equalities of intuitionistic fuzzy sets. Moreover, the proposed notions overcome the limitation in the work of Pappis [26] in which the max-min compositional rule of inference is preserved with approximately equal fuzzy sets as well as the approach considered by Hong and Hwang [17] which was mainly based on the same philosophy of the max-min compositional rule of inference that is preserved with respect to approximately equal fuzzy sets and approximately equal fuzzy relation respectively. It also generalizes the work of Cai [4] regarding the δ-equalities for fuzzy sets. The applications of δ-equalities have important roles to fuzzy statistics and fuzzy reasoning. The aim of those proposals in comparison with the work of Cai [4] is to extend the existing definitions in a new context of IFS which has been shown to be better at modeling real-life applications than the fuzzy set [2] and to examine several characteristics and theorems of δ-equalities that were not (or partly) discussed in the previous works. The mentioned proposals are significant to understand the behavior of δ-equalities in IFS which is helpful to select appropriate setting for applications. Now, we examine some characteristics of the δ-equalities for intuitionistic fuzzy sets in Definition 17.
Proposition 1 For two intuitionistic fuzzy sets A and B,
defined on U . The following assertions hold.
For all A, B, there exist a unique δ such that A = (δ)B
and if
Proof Properties 1-4 can be proved easily. We only prove 5 and 6.
This implies A = (δ)B and if A = (δ )B, then δ ≤ δ. Now suppose that there exist δ 1 and δ 2 such that they simultaneously satisfy the required properties, then δ 1 ≤ δ 2 and δ 2 ≤ δ 1 which implies δ 1 = δ 2 . Hence δ is unique.
Proposition 2 Let A, B and C be intuitionistic fuzzy sets define on
We note that sup
Now, the δ-equalities are applied to set theoretic operations of intuitionistic fuzzy set such as union, intersection, complement as following.
Proposition 3 Let A and B be intuitionistic fuzzy sets define on U . Let A c be the complement of A and B c be the complement of B. Further let A = (δ)B. Then
Proof This is because
This shows that A c = (δ)B c .
Proposition 4 Let
Proof From Lemma 3, we have
This implies that
Remark 2 Proposition 4 has the important meaning in supporting aggregate information. We can consider Example 4 as follows. 
is the final diagnosis which describes the severity of the disease of patient p. 
Proposition 5 Let
This implies
Finally, we have
Therefore, 
Proof This follows from Propositions 4 and 6.
Corollary 2 Let
Proof From Corollary 1, we have 
Proof Since, we have
Further, we have sup
Finally, we show that
Corollary 3 Let A j and B j be intuitionistic fuzzy sets
Proof The proof is followed from Proposition 7. 
Proposition 8 Let
Further, we note that sup
Further, we have, sup
Corollary 4 Let A j and B j be intuitionistic fuzzy sets define on U , for all j = 1, 2, 3, · · · , n. Suppose A j = (δ j )B j , where j = 1, 2, 3, · · · , n. Then 
Proof Since
Since we have sup
Further,
and we have sup
Thus 
Then
We also have sup
Proposition 11 Let A 1 , A 2 , B 1 and B 2 be intuitionistic fuzzy sets define on U . Suppose
Proof This is followed from Propositions 7 and 9. 
Proposition 12 Let
Proof This is followed from Propositions 8 and 10. 
Proposition 13 Let
Proof Since for all 0 < λ < 1, we have
and we have sup A 1 , A 2 , B 1 and B 2 be intuitionistic fuzzy sets define on U . Suppose
Proposition 14 Let
Proof This is followed from above propositions. 
Proposition 15 Let
Proof This is followed from above propositions.
Remark 4 From the hypothetical part of Proposition 4, we replace the operation
and ∪ S 6 as in the hypothetical part of Proposition 7 and from Propositions 8 to 16, then we obtain δ = δ 1 * δ 2 instead of δ = min(δ 1 , δ 2 ) as in conclusion part of Proposition 4.
Definition 18 Let B ∈ I F S(U) and B δ = {A ∈ I F S(U)| A = (δ)B} then B δ is called δ-equal ball of the set B

Proposition 17 Let B ∈ I F S(U) and A i , A j ∈ B δ , i = j . Then
Proof This is followed from Proposition 2.
Remark 5 Proposition 17 shows that two any sets are in δ-equal ball of the set B, i.e., they have the same δ-equality degree with the set B, then they have the max δ-equal degree equal to δ * δ. R (x, y), ν S (y, z) 
δ-equalities for intuitionistic fuzzy relations Proposition 18 Let X, Y and Z be initial universes, and be the collection of all intuitionistic fuzzy sets defined on X × Y and denote the collection of all intuitionistic fuzzy sets defined on Y × Z respectively. Let R, R ∈ and S, S ∈ , i.e., and S are intuitionistic fuzzy relations on X × Y and Y × Z respectively. Further, let R • S and R • S be their composition, μ R•S (x, y), ν R•S (x, y), and μ R •S (x, y), ν R •S (x, y) be their membership and non-membership functions respectively, where μ R•S (x, z) = sup
Proof Since we have
This implies that |μ R•S (x, z)
Now, we have
Remark 6 Proposition 18 demonstrates that we can determine the δ-equality degree of the compositions of relations if we know δ-equality degrees between those relations. In some applications like medical diagnosis, the compositions of intuitionistic fuzzy relations are very important. Let Q i be a intuitionistic fuzzy relation between the set of patients P and the set of symptoms S, and R i be a intuitionistic fuzzy relation between the set of symptoms S and the set of diagnoses D, then R i • Q i be a intuitionistic fuzzy relation between the set of patients P and the set of diagnoses D.
In the case when there are many medical experts making a diagnosis, we can obtain many corresponding sets Q i and R i which are different. From Proposition 18, if we know δ-equality degrees between Q i and Q j , R i and R j , then δ-equality degree between R i • Q i and R j • Q j is determined. Thus, we can compute the δ-equality degree of final diagnosis.
Proposition 19
Let U 1 , U 2 , · · · U n be universes and A j , B j be intuitionistic sets defined on
u n ) be their membership and non-membership functions respectively, where
and
Remark 7 Proposition 19 is the result from the combination of δ-equalities of intuitionistic fuzzy sets and Cartesian product.
An application of δ-equalities for medical diagnosis
This section presents an application of δ-equalities for medical diagnosis. Medicine is always one of the areas which leads research interests. Medical diagnosis is the process of investigation of diseases from a patient's symptoms [32] . Medical data are often uncertain, ambiguous and difficult to retrieve. A categorized relationship between a symptom and a disease is usually depended on uncertain information which affects the decision making process. The medical diagnosis has successful practical applications in several areas such as telemedicine, space medicine and rescue services. Thus, medical diagnosis has got full attention from both the computer science and computer applicable mathematics research societies. The traditional approach for medical diagnosis is using fuzzy relation to represent the relationships between patients-symptoms, symptomsdiseases and patients-diseases [32] . De et al. [9] extended the Sanchez's method with the theory of intuitionistic fuzzy sets. The extended Sanchez's approaches for type-2 fuzzy sets, neutrosophic sets and other ones were introduced in [1, 21, 29, 66] . The methods listed above have significant differences in the domain of problems and used datasets. In medical diagnosis, normal level reference value ranges for attributes are given by different experts or different referenced ranges provided by a specific laboratory, for instance, heretofore, normal level reference value range for Alanine Aminotransferase (ALT) index is less than 40 [30] . Therefore, if we use the traditional medical diagnosis method of Sanchez [32] and De et al. [9] with multiple medical references then the initial crisp symptoms of patients such as ALT, A/G, etc. will give several different (intuitionistic) fuzzy sets, which result in the problem of choosing inappropriate (intuitionistic) fuzzified results to use in the next step. As such, our idea is to use the concept of δ-equalities to find groups of (intuitionistic) fuzzified set with certain equality or similar degrees then combining them. This is exactly the meaning of δ-equalities which are given in this paper. The new method involves mainly the basic steps:
1. Determining the relation between patients and symptoms. 2. Formulating the relation between symptoms and diagnoses. 3. Determining diagnoses for all patients on the basis of composition of relations.
Let us draw those steps in details. Suppose P , S, D are the set of patients, the set of symptoms, and the set of diagnoses, respectively. Let Q = {Q 1 , Q 2 , ..., Q n } ⊂
I F R (P × S).
Step 1: Calculating δ ij is maximum delta-equalities degree of Q i , Q j :
Step 2: 
Step 3: We define "intuitionistic medical knowledge" as a intuitionistic fuzzy relation R between the set of symptoms S and the set of diagnoses D which reveals the degree of positive association and negative association between symptoms and the diagnosis. Then R ∈ I F R(S × D), clearly, the composition R • Qt of R and Qt describes the state of patients in terms of the diagnosis.
Step 4: The composed relation R • Qt between P and D is identified as following
Then, the correspondence between patient p and diagnosis d is expressed as a couple containing
as below:
where y * is a trained value from a fact data set about disease d, then patient p is said to be suffered from illness d. The proposed model is illustrated in Fig. 1 . Now, we define the following options:
• In Step 2, Q * t can be defined by Q * t = Q i t ∩ T Q j t , with T ∈ {∩; ·; T 3 ; T 4 ; T 5 ; T 6 } .
• In Step 3, calculating Qt =
the patient p is said to be suffered from illness d. Now, we present two numerical examples based on the proposed algorithm to illustrate the application of δ-equalities to medical diagnosis.
Example 5
Consider the dataset adapted from [31] .
• X contains four patients (
• Y is the set of five symptoms: • Z includes five diseases:
Case 1
We illustrate results of the Sanchez's approach [32] for medical diagnosis. There is one initial intuitionistic fuzzy data set P which describes the relations from patients to symptoms.
The intuitionistic fuzzy relations (IFRs) from the patients to the symptoms as well as the symptoms to the diseases are given in Tables 1 and 2 , respectively. The IFR from the patients to the diseases determined by the fuzzy maxmin composition is drawn as in Table 3 , in which the first values in each pair are larger than 0.5 implying the possible diseases. In here, note that we take ν P = 1 − μ P and
Case 2 Now, we illustrate the proposed method. There are three initial intuitionistic fuzzy data sets P 1 , P 2 , P 3 , which describe the relationsfrom patients to symptoms (Tables 4, 5 and 6).
• At the step 1, we need to calculate δ P 1 P 2 , δ P 1 P 3 , δ P 2 P 3 :
• At the step 2, we see that δ P 1 P 2 = max{δ P 1 P 2 , δ P 1 P 3 , δ P 2 P 3 }, then combine P 1 and P 2 ( Table 7) .
• At the step 3, we use the set R in the case 1 again.
• At the step 4, we calculate R • P * similar with calculating R • P in the case 1 (Table 8 ).
• At the step 5, we calculate S R•P * as in Table 9 .
• At the step 6, in Table 9 , values are larger than 0.5 implying the possible diseases. It is recognized that the results in Table 9 are identical to those in Table 3 .
Example 6
Let consider four patients p 1 , p 2 , p 3 and p 4 . Their symptoms are temperature, headache, stomach pain, cough, and chest pain. Then, the set of patients is P = {p 1 , p 2 , p 3 , p 4 } and the set of symptoms is S = {temperature, headache, stomach pain, cough, and chest pain}. The intuitionistic fuzzy relations Q 1 , Q 2 , Q 3 ∈ I F R(P × S) are evaluated by three decision makers groups and are given as in Tables 10, 11 and 12, respectively. The data of Q 1 is real data, and the data of Q 2 , Q 2 are hypothetical.
Now, we illustrate the proposed method. First of all, we calculate the maximum δ-equality degree of Q 1 and Q 2 :
The maximum δ-equality degree of Q 1 and Q 3 :
The maximum δ-equality degree of Q 2 and Q 3 :
It turns out that Q = (0.95)Q 1 (Table 13) . Let the set of diagnoses be D = {viral f ever, malaria, typhoid, stomach problem}. The intuitionistic fuzzy relation R ∈ I F R(S × D) is given as in Table 14 . The composed relation R • Q is given as in Table 15 .
From Proposition 18, we have Table 16 . If S R•Q (p, d) ≥ 0.5, then the patient p is said to be suffered Table 18 gives an overview of all those datasets. 0.3186, 0.3258, 0.3052, 0.312, 0.3136, 0.3216, 0.3459 Fig. 6 , we can see that the point on the blue graph of Diabetes has MAE value less than 0.08 and is lower than other points on the graph correspond with other methods. In those figures, the best values of SK and SA namely SK-2 and SA-4 (α = 0.3) are used to compared with those of the other algorithms. Eventually, the MAE value of proposed method is better than those of other methods on the Diabetes.
Performance comparison
There is no huge difference in the computational time taken by the proposed method and other algorithms. From Table 19 (Table 19 ). On LD, except for the method SA-2 which cannot run, the remaining algorithms have computational time that belong to the interval from 0.035 to 0.6348 sec, where the computational time of the proposed method is 0.4216 sec.
In order to see more clearly about the MAE of 10 algorithms, we draw Figs. 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 and 17. The orange bars show the MAE of the proposed method while the light green ones demonstrate the MAE of other algorithms. In Fig. 7 , we can see that the MSE values of D and the proposed method on the datasets of ILPD, LD, PIDD, Diabetes and Heart. We clearly see that the MAE of the proposed method on each dataset is better (smaller) than that of D.
We can see the same things in Figs. 9, 10, 11, 13, 15, which imply the proposed method is better than SB, SK-2, HY-2, VS-2 and SA-4 in accuracy.
In Fig. 8 , MAE of the proposed method is better than that of Z on the datasets of LD, PIDD and Diabetes. Although this is not the same on the datasets of LIPD and Heart, the difference between MAE values of the proposed method and Z are less than or equal to 0.035.
Similarly, in Figs. 12, 14 16, MAE value of the proposed method is better than those of the remaining methods on most datasets.
In Fig. 17 , we present the MAE values of all algorithms. Once again, it is easy to see that the orange bars are smaller (or better) than most of the rest of the algorithms for each dataset. 
Conclusions
This paper concentrated on developing the notions of δ-equalities for the intuitionistic fuzzy set. Two fuzzy sets are said to be δ-equal if they equal to a degree of δ. δ-equalities have been used widely in fuzzy statistics and fuzzy reasoning such as in the applications of real-time fuzzy systems and the validation of robustness of fuzzy reasoning. This research extended the work of Cai [4] regarding the δ-equalities of fuzzy sets in a new context of intuitionistic fuzzy sets, which were shown to be better of modeling real-life applications than the fuzzy sets, and examined several characteristics and theorems of δ-equalities that were not (or partly) discussed in the previous works. The notions of δ-equalities for intuitionistic fuzzy relations and intuitionistic fuzzy norms were also proposed herein. Theoretical investigation of δ-equalities for intuitionistic fuzzy sets with set theoretic operations, such as the union, intersection, complement, product, probabilistic sum, bold sum, bold intersection, bounded difference, symmetrical difference, and convex linear sum of min and max, was mentioned. They are significant to understand the behavior of δ-equalities for intuitionistic fuzzy sets which is helpful to select appropriate settings for applications.
The last part of this paper applied the δ-equalities to the application of medical diagnosis, which investigates a patient's diseases from his symptoms. Medical data are often uncertain, ambiguous and difficult to retrieve. A categorized relationship between a symptom and a disease is usually dependant on uncertain information which affects the decision making process. The traditional approach from Sanchez [32] for medical diagnosis is using fuzzy relation to represent the relationships between patients-symptoms, symptoms-diseases and patients-diseases. However, as in medical diagnosis, normal level reference value ranges for attributes are given by different experts or different referenced ranges provided by a specific laboratory. Therefore, initial crisp symptoms of patients will give several different (intuitionistic) fuzzy sets, which result in the problem of choosing inappropriate (intuitionistic) fuzzified results to use in the next step. As such, our idea is using the concept of δ-equalities to find groups of (intuitionistic) fuzzified set with certain equality or similar degrees then combining them. Two numerical examples on a public dataset from the paper of Samuel and Balamurugan [31] and a real dataset were given to illustrate the application of δ-equalities to medical diagnosis. We ran the proposed algorithm and others on five real datasets to compare accuracy degree and computational time of them. The computing process in the algorithm is equipped with the propositions and theorems that have been mentioned lately.
Further works of this research will investigate new notions of sub δ-equalities such as the weighted δ-equalities. Specifically, let A and B be two intuitionistic fuzzy sets on a universe U . With δ-equalities, we have A = (δ)B. But if U is accompanied with a corresponding set of weights W = {w 1 , w 2 , ..., w n } then we need to define a new notion called the weighted δ-equalities in order to adapt with the weights. We also study enhanced methods using the weighted δ-equalities for accelerating the diagnosis algorithm in this paper both in accuracy and computational complexity. Lastly, we may use δ-equalities in different decision making applications that incorporate intuitionistic fuzzy information in processing knowledge and information regarding inputs and outputs.
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